We consider the role of spontaneous lattice symmetry breaking in strongly interacting two dimensional Dirac systems. The fermion induced quantum (multi-)criticality is described by Dirac fermions coupled to a dynamical order parameter that is composed of mass and emergent gauge fields. This is illustrated for the example of translational symmetry breaking due to charge-density wave order on the honeycomb lattice. Using a renormalization-group analysis we find that the putative emergent Lorentz invariance is violated. Finally, we identify that topological phase transitions are well described by this effective field theory.
Interacting Dirac fermions exhibit perhaps the simplest example of fermionic quantum criticality. In high energy physics this has been known for some time, and goes under the guise of spontaneous fermion mass generation and chiral symmetry breaking in the Gross-NeveuYukawa (GNY) model [1, 2] . The prototypical condensed matter example are semimetal-insulator transitions on the half-filled honeycomb lattice [3, 4] , which are driven by strong on-site and nearest-neighbour repulsive interactions. The low energy excitations are well described by Dirac fermions [5] , which couple to the order-parameter fields and play a crucial role in determining the universal behaviour [6, 7] . In recent years GNY models and sign-free lattice Quantum Monte Carlo simulation have helped to push our understanding of fermionic criticality beyond the Landau-Ginzburg-Wilson paradigm [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] .
Strong parallels can be drawn between the high energy and condensed matter settings. Remarkably, the quantum critical fixed point exhibits emergent Lorentz invariance with a characteristic terminal velocity and dynamical exponent z = 1 [19] [20] [21] [22] . Also, the emergent chiral symmetry is spontaneously broken in the ordered phase, opening a mass gap in the Dirac spectrum.
Yet it is precisely the reduction from Poincaré symmetry to the crystallographic space groups that allows the solid-state to host exotic fermionic quasiparticles [23] . An example are the recently discovered multifolds that are higher spin generalizations of Weyl fermions with no elementary particle analogs [24, 25] . More relevant to the current discussion are the semi-Dirac [26] or anisotropic Weyl fermions with relativistic and non-relativistic dynamics along orthogonal directions, which are known to exist at the critical point of topological phase transitions in two and three spatial dimensions [27] .
In this Letter we investigate Lorentz violating quantum critical points in Dirac fermion systems with spontaneously broken crystal symmetries. We show that the effective field theories contain order parameter fields that couple to the Dirac fermions as components of emergent gauge fields, in addition to the standard mass fields. This is illustrated for the honeycomb lattice where strong second neighbour repulsions induce charge density wave order (CDW 3 ) with a three fold increased unit cell [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] (see Fig. 1 ). We characterise the fermion-induced (multi-)critical fixed point [9] using a perturbative renormalisation-group (RG) analysis. Our results show that the broken symmetry state is in the vicinity of a topological critical point. This demonstrates that topological phase transitions in Dirac systems can be comprehensively described by effective field theories containing mass-and non-Abelian gauge fields.
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Lattice symmetry breaking. As an example we consider fermions on the honeycomb lattice at half-filling, subject to first and second neighbour repulsive interactions V 1 and V 2 ,
where t is the hopping amplitude and c i andn i = c † i c i denote the fermion annihilation and density operators.
In the absence of interactions, the low-energy theory of the semimetallic state describes massless Dirac fermions at the valleys
which is defined up to the ultraviolet cut-off Λ ∼ 1/a with a the lattice spacing. Here v F = 3ta/2 is the Fermi velocity and k = (k x , k y ), α = (α x , α y ). For compactness, we have introduced the 4-component spinor Ψ = (ψ A+ , ψ A− , ψ B+ , ψ B− ) and tensor products α x = σ x ⊗τ z , α y = σ y ⊗ τ 0 , where σ µ , τ µ (µ = 0, x, y, z) are the 4-vectors of identity and Pauli matrices acting respectively on the sublattice σ = A, B and valley τ = ± pseudospins.
z k=x ijk α k and {α i , α j } = 2δ ij α 0 , with identity α 0 . Eq. (2) has emergent Lorentz invariance [41] , and is endowed with emergent global SU (2) chiral symmetry Ψ → e
3 ) also form a pseudospin algebra with identity T 0 , and commute with α i . Sufficiently strong V 2 stabilises CDW 3 order (Fig. 1 ). After Hubbard-Stratonovich transformation and integration over the high energy modes (see Supplemental Material [42] ), we obtain the effective local Yukawa Lagrangian that couples Dirac fermions and dynamical order parameter fields φ,
Here Ψ(τ, r) =
, where τ , k 0 are imaginary time and frequency respectively and r = (x, y). Also, the summation over repeated a = 1, 2 is used throughout. The bare effective couplings are related to the lattice couplings g φ ∝ V 1 − 2V 2 and g A ∝ V 2 . Note that L g preserves emergent spatial rotational and U (1) chiral symmetry, but breaks breaks Lorentz invariance.
The charge patterns on the hexagonal unit cell that are induced by φ, A 1,2 are shown in Fig. 2 . These are precisely the irreducible representations of the point group C 6v containing primitive translations [43, 44] : φ transforms as B 2 and (A 1 , A 2 ) transform like the 4-components of G. The components mix into each other under primitive translations Ψ → e ±2πiT 3 /3 Ψ, thereby breaking the translational symmetry of C 6v .
For V 2 V 1 on the honeycomb lattice, unconstrained charge order has an ill-defined Hubbard-Stratonovich transformation. Therefore, it is expedient to constrain the order parameters space to the physically valid CDW 3 region, φ = 2(ρ − ∆) and
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B m 8 g j f t S X v R 3 r W P c e u M l s 9 s g T / S P n 8 A Z R 6 Y R Q = = < / l a t e x i t > < l a t e x i t s h a 1 _ b a s e 6 4 = " n 2 9 o 9 where ρ ≥ ∆ ≥ 0, C α = cos α, S α = sin α. Numerical simulations and semiclassical analysis [33] have identified the lattice ground state manifold is restricted to β = β 1,2 and α, β = 2nπ/3 for n = 0, 1, 2. Here α encodes translations and β rotations, which together enumerate the 9 possible charge configurations, which is doubled with charge inversion (ρ, ∆ < 0). The charge pattern in Fig. 1 corresponds to α = β = 0. Mass sector. In the regime V 1 V 2 the order parameter φ describes the quantum phase transition from the semimetal into the CDW insulator that breaks sublattice inversion symmetry. This corresponds to Z 2 chiral symmetry breaking in the low energy effective field theory [45] , where the dynamics of φ are encapsulated by the Lagrangian
y . The fermionic quantum critical point (m 2 φ = 0) belongs to the Z 2 GNY or chiral Ising universality class, which has been intensively studied [46] .
The anticommutation {H 0 , Ψ † α z T 3 Ψ} = 0 identifies φ as a mass field that opens a gap g φ φ [47, 48] . All possible mass terms of 4-component Dirac fermions are enumerated by M µ α z T µ for µ = 0, 1, 2, 3. Only the sublattice CDW mass [5] 
The other terms arise from bond-order c † i c j on the honeycomb lattice. The Haldane quantum anomalous Hall mass M 0 α z T 0 [49] is stable at mean field [50] , but quantum fluctuations are known to favour CDW 3 order [39, 51] .
correspond to the mass fields of the Kekulé phase [52] .
Emergent gauge sector. In the low energy A 1,2 minimally couple as components of an emergent SU (2) non-Abelian local gauge theory generated by T a . This is revealed by the local Lagrangian
with ∂ = (∂ x , ∂ y ). To avoid integrating over the emergent gauge redundancies, we work in the Feynman-'t Hooft gauge of the critical theory [53] . The bosonic mass m 2 A is finite from the lattice Hubbard-Stratonovich transformation, implying A 1,2 can have finite order parameter ex-pectation values [54] [55] [56] . From symmetry considerations, or alternatively by integrating out high energy fermionic modes, one obtains the bosonic self-interaction
where
) is absent because of particle-hole symmetry, in accordance with Furry's theorem [6] . The Yang-Mills term λ YM reflects the underlying emergent non-Abelian gauge structure.
Renormalisation Group. Quantum (multi-
which is known to favourably reorganise the perturbative expansion, enabling perturbative RG directly in d = 2 [57] . Here i indexes the couplings in Eq. (6) . The RG equations are obtained to one-loop order [42] by calculating the diagrams in Fig. 3 . For the Yukawa couplings we obtain in large
We set v F = 1 and used the fixed point values of the boson velocities to leading order in N . Enforcing scale invariance of the Fermi velocity requires that z = 1 + g 2 A /2N . Consequently, coupling to the A fields violates Lorentz invariance with z = 1. It is important to highlight that divergent anisotropic velocity renormalization, preempting a fixed point, is encountered if the independent spatial rotational symmetries of A 1 or A 2 are artificially broken. The boson self interactions L λ play a secondary role [42] .
The hard lattice cut-off Λ ∼ 1/a in the momentumshell RG violates the emergent gauge structure, e.g. the fermion loop generates a constant correction m 2 A ∼ Λ 2− , violating the Ward-Takahashi identity. This is ultimately related to the fact that the gauge structure is an emergent property of the continuum low-energy field theory and not present on the lattice. Nevertheless, consistent results are obtained in the gauge invariant minimalsubtraction scheme. Regardless of these subtleties, the coupling λ φA in Eq. (6) implies that the condensation of the mass field φ will dynamically generate a finite expectation value for the emergent gauge fields.
Critical fixed points. The Yukawa couplings are relevant perturbations at the putative Wilson-Fisher fixed points ({λ i } = {0}, g φ,A = 0), owing to the gapless nature of the fermion excitations. At the ensuing fermionic critical fixed points ({λ i , g φ,A } = {0}) both the boson η φ,A and fermion η Ψ anomalous dimensions are finite, which indicates the breakdown of the quasiparticle picture and the onset of a non-Fermi liquid.
However, the coupling to a particular fluctuating bosonic field can be rendered irrelevant if the related bosonic mass is tuned far from critical [2, 15] . In this case the bosonic field can be integrated out and the corresponding fermion-fermion interaction, V ∼ O(g 2 /m 2 ), will be vanishingly small. For m 
The resulting critical exponents are collected in Tab. I. The spontaneous lattice symmetry breaking (finite g A ) results in the violation of Lorentz invariance with z = 1 + 3 /2N and c φ,A = v F (1 + 3/2N ). This is in contrast to the emergent Lorentz invariance of GNY fixed points with z = 1 and c φ = v F to all orders in N . The correlation length exponents ν ± are the two positive (relevant) eigenvalues of the stability matrix at the fixed point. In N → ∞ the exponents decouple to ν ± = ν A = ν φ = 1.
Our results suggest the existence of a continuous quantum phase transition. However, relaxing particle-hole symmetry the reduced lattice symmetry group C 6v allows for the cubic term bIm[G 2 ). There is good agreement between the = 3 − d expansion and the direct evaluation in the physical dimension d = 2 as N → ∞.
would imply a first order transition. Naive tree level scaling [b] = (5z − d)/2 suggests that this is indeed the case. However, the large anomalous dimensions η φ,A render the cubic term irrelevant at the d = 2 CDW 3 critical point with the RG scaling 1 − (1 + |O(1/N )|) [42] This is analogous to the Kekulé instability [9] , highlighting that fermion-induced critical points are inherently different from Wilson-Fisher fixed points of conventional order-parameter theories.
Broken symmetry state. To analyse the nature of the CDW 3 we need to minimise the free energy density f (φ, A 1 , A 2 ). Infinitesimally close to the multi-critical point, f is obtained from integrating over the fermions for static finite order parameters [42, 57] . Although the criticality is universal, the broken symmetry state is not. Instead it depends on the lattice model and concomitant path taken through the critical surface (δ φ , δ A ) = δ(cos θ, sin θ) with δ φ,A = (m 2 φ,A ) * − m 2 φ,A . The selfconsistent minimisation of f , subject to Eq. (4), depends on inaccessible higher order and lattice terms. It is possible however to obtain the groundstate in the limiting cases by assuming generic bounding quartic terms [42] . For θ → π/2 − we obtain ∆/ρ → 1 − and φ → 0 + . In the other limit, θ → 0 + , we find ∆/ρ → 0 + , φ → A + . In both cases minimisation requires β 1 = β 2 , which causes φ(A 1 × A 2 ) to vanish, independent of particle-hole symmetry.
The latter limit is precisely the condition for the broken symmetry state to host gapless semi-Dirac [26, 27] excitations, which disperse quadratically in the direction defined by the polar angle β and linearly orthogonal to this. From the hybridisation of down-folded Dirac valleys there is a condensation energy gain from the second set of bands that gap with ± |φ + A|. Such a metallic CDW 3 state with semi-Dirac quasiparticle excitations was predicted previously [39] for the case of pure V 2 interaction, based on an RPA-type fluctuation analysis. The lattice conditions below Eq. (4) α, β = 2nπ/3 are determined by the vanishing of the lattice cubic term b, and maximising the lattice quartic term φ Re[G 
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with summation now over repeated a, b, c = 1, 2, 3. This generalization accounts for Kekulé masses (M 1,2 ) and gauge fields A 3 , which may be induced by strain on the honeycomb lattice [58] . There are a number of obvious extensions including spin, dimensionality and the number of quadratic directions.
Discussion. We demonstrated that spontaneous lattice symmetry breaking in interacting Dirac fermion systems is described by effective field theories of Dirac fermions coupled to a combination of mass and emergent gauge fields. The ensuing criticality is found to be beyond the GNY universality classes because the putative emergent Lorentz invariance is violated, z = 1. This raises the possibility that long range Coulomb interactions could be relevant [3] and provide further non-trivial scaling at this novel critical point [59] .
As a concrete example we analysed the lattice symmetry breaking due to CDW 3 order of Dirac fermions on the half-filled honeycomb lattice. However, as discussed in this Letter, the resulting effective field theory with mass and gauge fields has much wider applicability. The important role of emergent gauge fields has been recognised in the context of the Ising nematic transition in d-wave superconductors [19, 54, 55] , and there is indeed a close connection with the gauge sector of the field theory presented here.
Recently, there has been considerable interest in the properties of topological quantum critical points [59] [60] [61] [62] [63] [64] [65] [66] [67] , which in d = 2 are commonly described by effective Hamiltonians of the semi-Dirac formĤ = k 2 x σ x + k y σ y . Here anisotropic velocity renormalisation needs to be regulated with non-perturbative infrared loop resummations [67] .
Our work shows that complementary combinations mass and non-Abelian gauge fields provide a natural playground for the study of topological quantum phase transitions. Lifshitz transitions of merging Dirac cones are observed when tuning through the broken-symmetry states close to the multi-critical point. These insights could be relevant for a range of systems, including black phosphorus [68, 69] , optical honeycomb lattices [70] [71] [72] , artificial graphene [73] , TiO 2 /VO 2 interfaces [26, 74] , and α(BEDT-TTF) 2 I 3 [75] .
A related open question is whether there is a similar description of other exotic Lorentz violating fermions, such as the multifolds in topological chiral crystals [23] [24] [25] , and what this means for their quantum critical properties.
